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A density fitting approach for the Coulomb matrix representation within the four-component
formulation of relativistic density-functional theory is presented. Our implementation, which uses
G-spinor basis sets, shares all the advantages of those found in nonrelativistic quantum chemistry.
We show that very accurate Coulomb energies may be obtained using a modest number of scalar
auxiliary basis functions for molecules containing heavy atoms. The efficiency of this new
implementation is demonstrated in a detailed study of the spectroscopic properties of the gold dimer,
and its scaling behavior has been tested by calculations of some closed-shell gold clusters
(Au2,Au§,Au4,Au§). The algorithm is found to scale as O(N?), just as it does in the nonrelativistic
case, and represents a dramatic improvement in efficiency over the conventional approach in the
calculation of the Coulomb matrix, with computation times that are reduced to less than 3% for Au,
and up to 1% in the case of Aus. © 2006 American Institute of Physics. [DOIL: 10.1063/1.2179420]

I. INTRODUCTION

Density-functional theory (DFT) is a widely used and
accurate approach to the modeling of complex electronic
systems with many electrons and light atoms. The simple
one-particle structure of the Kohn-Sham equations1 lends it-
self to many computational economies that are unavailable to
other many-body methods. In recent years, methodological
improvements in this approach have dramatically increased
the size and complexity of the molecular systems that can be
studied. These developments have increased the efficiency of
the DFT by reducing the effective order of scaling with re-
spect to the molecular size and basis set expansion length, or
by reducing the scaling prefactor.

Due to the four-center two-electron repulsion integrals
the formal scaling of the construction of the Kohn-Sham
matrix construction is O(N*). However, almost all modern
DFT codes take advantage of density fitting procedulres,2
which employ auxiliary basis functions to represent the elec-
tron density. Through this device, the four-center two-
electron repulsion integrals are decomposed into three- and
two-center integrals, reducing both the formal scaling of the
Kohn-Sham matrix from O(N*) to O(N?) and the scaling
prefactor. Another method that can reduce the formal scaling
from O(N*) to O(N?) is the pseudospectral (PS) approach® in
which the traditional analytical basis sets (the spectral repre-
sentation) are combined with numerical grid basis functions
to evaluate the two-electron repulsion integrals.

These scaling relations apply to calculations involving
small molecules. For large systems, the number of nonzero
overlap distributions in the basis set grows only linearly with
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the molecular system. So, using integral screening tech-
niques the effective scaling for the computation of the four-
centers two-electron repulsion integrals can be reduced to
O(N?). This scaling may be made even more favorable,
reaching the O(N) linear scaling regime both for the Cou-
lomb and exchange-correlation matrix. This is achieved, for
example, by efficiently tracking the long-range Coulomb in-
teraction through the continuous fast multiple method,* and
linear scaling methods for the exact exchange contribution to
the exchange correlation functionals have also been
proposed.s’6 The implementations of these sophisticated
economization techniques and the availability of powerful
computing platforms are primarily responsible for facilitat-
ing the ab initio modeling of large molecular systems within
the nonrelativistic framework.

Molecules, cluster, and materials containing heavy ele-
ments have drawn considerable recent attention. In order to
model systems containing heavy nuclei the methods of rela-
tivistic quantum mechanics must be adopted, to capture sca-
lar and spin-dependent interaction that are neglected in the
conventional nonrelativistic formulation of quantum chemis-
try. The extension of DFT within the four-component gener-
alization of the Kohn-Sham method, which we will refer to
as the Dirac-Kohn-Sham (DKS) scheme, was formulated by
Rajagopal and co-workers”® and Macdonald and Vosko.”
Relativistic density-functional theories have been imple-
mented by several groupsmf14 and at many levels of approxi-
mation. The full four-component formalism has a great ad-
vantage because it affords a physical clarity that is absent in
the two-component reductions of the Dirac operator, espe-
cially with regard to the problems involved in the change of
representation and the gauge dependencies of the electro-
magnetic interaction. Several four-component relativistic
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program packages, such as DIRAC," REL4D,'® [part of the
package UTCHEM (Ref. 17)], BDE,'® and others, include a
DKS module. The DKS calculations possess an intrinsically
greater computational cost than analogous nonrelativistic ap-
proaches, mainly because of the four-component structure in
the representation of the DKS equations, the complex matrix
representation that usually arises as a consequence, and the
increased work involved in the evaluation of the electron
density from the spinor amplitudes.

Despite the increased computational burden, the relativ-
istic four-component formulation does not introduce any new
unfavorable scaling with respect to the number of particles,
other than in an increase in the scaling prefactor. Most exist-
ing molecular Dirac-Kohn-Sham codes are based on conven-
tional integral-direct strategies but they are yet to take ad-
vantage of the recent algorithmic developments extensively
employed in nonrelativistic DFT, especially those that utilize
density fitting procedures and multipole expansions of the
electrostatic potential. The recent implementation of Naka-
jima and Hirao'? of the relativistic four-component extension
of the pseudospectral approach of Friesner’ is a notable ex-
ception. The purpose of this paper is to present an efficient
implementation of the density fitting approach for the Cou-
lomb matrix computation in the four-component DKS theory.
This has been implemented in the DKS module of the pro-
gram BERTHA.'*?*?! In Sec. II we briefly review the DKS
method as implemented in BERTHA, with particular emphasis
on the relativistic generalization of the J-matrix method that
is used to construct the Coulomb matrix. In Sec. IIT a de-
tailed illustration of the relativistic density fitting approach is
presented. In Sec. IV we discuss the accuracy and efficiency
of our approach by analyzing the results of calculations on
various gold clusters. Finally, we outline some future devel-
opments of the method.

Il. THEORY

The formulation of the DKS scheme implemented in the
program BERTHA has been described in detail previously14
and in the following we shall review only some aspects of
the method, especially in relation to the computation of the
matrix representation of the Coulomb interaction.

The DKS equation, considering only the longitudinal
electrostatic interactions, is

{ca-p+ B +vHr) W (r) = EW(r), (1)

where the diagonal potential operator v/(r) is given by the
sum of three terms,

0H(r) = vy (1) +vplo(0)] + v Lo (r)]. (2)

The external potential due to the fixed nuclei is denoted
Up(1), and v,%[g(r)] represents the electronic Coulomb inter-
action, which is a functional of the relativistic charge density,
o(r). The term denoted v/ [0(r)] is the relativistic longitudi-
nal exchange-correlation potential, whose exact form is, like
that of the corresponding nonrelativistic quantity, unknown
and has to be approximated. The common nonrelativistic
density functionals may be used as a first reasonable approxi-
mation to which relativistic corrections may be added.”*?
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To represent the four-component solutions of Eq. (1),
BERTHA uses a Gaussian basis set expansion of G-spinor
functions.'* G-spinors are themselves two-component func-
tions of spherical Gaussian type,24 which serve as a basis for
four-component molecular spinors. This basis does not suffer
from the variational problems of kinetic balance™ if a finite
nuclear charge distribution is employed, and retain all the
advantages regarding the evaluation of multicenter integrals
that have established Gaussian-type functions as the most
widely-used expansion set in quantum chemistry.

In the DKS theory, the matrix representations are neces-
sarily larger than their nonrelativistic counterparts, and they
are intrinsically complex for some symmetry types. The con-
struction of the DKS matrices, and, in particular, the evalu-
ation of the Coulomb (J) and exchange-correlation (K) con-
tributions dominate the computational cost of the calculation.
The J and K matrices are composed of two diagonal blocks,
corresponding to the large-large (L) and small-small (S)
component interactions. The evaluation of the exchange-
correlation term is carried out by numerical integration
plrocedulres.'4 In particular, multicenter integrals over func-
tionals involving @(r) and |[Vo(r)| are evaluated efficiently
using the methods based on those described by Becke.”® The
Coulomb interaction matrix is constructed analytically using
an efficient relativistic generalization of the J-matrix method
of Almlof and co-worker.>”*® To clarify later discussion, we
briefly describe this method as implemented in BERTHA; for
further details see Refs. 14 and 29.

A fundamental property of the G-spinor overlap charge-
density, Qg(r) (i.e., the scalar product of G-spinors u and v,
with T=L,S) is that it can be expressed as a finite linear
combination of scalar auxiliary functions, similar to the
McMurchie-Davidson expansion of the charge density,30

0p(r) = 2 Eq' T, viinj klH e Bsi.j ks ). (3)
ijk

Here, H[«, B;i,j,k;r] are Hermite Gaussian type functions
(HGTF) in the notation of Ref. 14, with « identifying the
Gaussian exponent and B the local coordinate origin deter-
mined by the application of the Gaussian product theorem to
the basis functions labeled x and v. The EgT coefficients,
which express the entire structure of the spinor product, are
described in Refs. 25, 31, and 32, and the finite limits on the
summations over the indices i, j, and k are as discussed in
Ref. 14. The definition and construction of the relativistic
coefficients E{’ is the feature that enables the efficient ana-
Iytic evaluation of all multicenter G-spinor Coulomb inte-
grals. An explicit G-spinor representation of the total charge
density, using Eq. (3), can readily be obtained as

e(r)= > 2 DLTol(r)

T=L,S pv

:2 EH[a,ﬁ,l,],k,r]Ho[a,B,l,],k] (4)

a,Bi,j.k

The coefficients Hyla, B;i,j,k], which are the relativistic
analogues of those appearing in the scalar Hermite density
matrix proposed by Almlof and co-worker,”*® are given by
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Hola,Bsijkl= X 2 ENTw vii,j. kDL, (5)
T=L,S pv

The matrices D*“ and D% are the large- and small-
component density matrices, respectively.

The J matrix elements in terms of the G-spinor basis set
and the HGTFs are given by 14.29

0= B i), k]f o(r’) H[a Bii,jk:r]drdr’

ijok
(6)
where, using Eq. (4),
I,l
o )H[a,,B;i,j,k;r]drdr’
r—r'|
2 (apsijklla’ B j'K ) H[a' B5i ' K'].
Dl,,ﬁl
ll,]‘l,k/
(7)

This linear combination of Coulomb two-electron integrals
(aB;ijklla’B';i’'j'k"), involving intermediate HGTFs, are
the usual ones also computed analytically in standard nonrel-
ativistic quantum mechanics.”® Because of the kinetic bal-
ance relation and of the definition of the EJ” coefficients, the
integrals required for the large-component J matrix are sim-
ply a subset of the small-component ones.”"?
The total Coulomb energy, E;, is then given by

E,=—E (DT + DS T (8)

The J-matrix approach of Eq. (6), compared with the sum-
mation over two-electron integrals used by other four-
component density-functional codes, turns out to be particu-
larly efficient. Remarkably, its efficiency increases with
increasing maximum angular momentum of the basis
functions®’ and this feature is particularly important when
heavy atoms are involved because of the high angular mo-
mentum of their electrons. We have recently shown that this
relativistic version of the J-matrix algorithm is easily paral-
lelized, achieving near-linear scaling with the number of
processors.>

Despite these favorable features, the Coulomb matrix
construction demands severe computational effort, compared
with the nonrelativistic case, and still limits the applicability
of DKS approach to small molecules. This complexity is
caused by the additional degrees of freedom associated with
single-particle spinor solutions of the Dirac equation (con-
sider, for example, that the matrices are of double size and
complex, and that larger basis sets are generally required) but
this does not introduce any unfavorable scaling with respect
to the number of atoms. It translates simply in an essentially
constant multiplicative factor of computation time with re-
spect to the nonrelativistic case.

J. Chem. Phys. 124, 124104 (2006)

lll. RELATIVISTIC DENSITY FITTING

The use of a density fitting approach to the Coulomb
problem in the nonrelativistic single-particle Kohn-Sham and
Hartree-Fock theories is well established.** It is one of the
main ingredients for the construction of efficient computer
programs for nonrelativistic quantum chemical calculations.
Furthermore, the idea is gaining momentum that additional
insight about molecular properties may be extracted from the
density fitting approach. An example is given by the work of
Gill et al.,** where it has been suggested, by studying the
properties of the expansion coefficients of the density in the
auxiliary basis, that density fitting may be used for investi-
gating locality in molecules.

The use of density fitting procedures in a four-
component relativistic framework was first considered in
Ref. 29. In that work, it was pointed out that standard non-
relativistic density fitting approaches may in principle be ex-
tended directly to the relativistic case with only minor adap-
tations, and that there is no need to introduce separate
auxiliary basis sets in which to expand the large- and small-
component densities, o*“(r) and @55(r). Here, we extend
those ideas to realize an effective computational implemen-
tation. The computational strategy that we adopt for the Cou-
lomb density fitting approach is to use as much as possible
the advantages of the algorithms developed in the J-matrix
method described in the previous section and the efficient
integral generation schemes that already exist in the DKS
module of program BERTHA.

The total relativistic density, exactly like its nonrelativ-
istic counterpart, is a real scalar function that can be ex-
panded in an auxiliary atom-centered basis set, {f,(r)}, ac-
cording to

N,

aux

o(r) = 2 df(r), (9)
=1

where N, is the number of auxiliary basis functions. The
coefficients d, are chosen to minimize the error of the model
density 0(r) with respect to the true density @(r). This error
metric may be written as

=fdr1 f dry[o(r)) — 0(r))]g(rp)e(ry) — 0(ry)],
(10)

where g(r,) is a two-electron projection operator. Several
schemes are available for the choice of this operator (see
Ref. 34 and references therein) but, because we are approxi-
mating the J matrix, it is natural to take g(r;y)=1/r},, corre-
sponding to the so-called Coulomb metric. This approach is
the most widely used in nonrelativistic density fitting proce-
dures and its performance has been amply documented.* Tt
is usually called Coulomb fitting and it has the property that
it variationally minimizes spurious fluctuations in the electric
field.*> An extension of the Coulomb fitting procedure based
on a transformed representation derived from the Poisson
equation has been proposed by Manby et al.**3

The minimization condition of the error in Eq. (10), us-
ing the Coulomb metric requires that the projection on the
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fitting basis of the Coulomb potential due to the true density
and that due to the fitted density are equal. This condition
leads to a linear system for the vector of fitting coefficients
d, given by

Ad=v, (11)

where the real, symmetric, and positive-definite matrix A is
the representation of the Coulomb interaction in the auxiliary
basis,

Ag= Us“ft ffs(r) |fz( r')drdr’. (12)

These quantities also appear in nonrelativistic density fitting
approaches. The vector v is the projection of the electrostatic
potential (due to the true density) on the fitting functions,

vy={fle) = E(IWD,,,VH%D (13)

which can be expressed in terms of the density matrix ele-
ments DTT and of the three-center two-electron repulsion in-
tegrals,

T T
Is LV <fs||Q,u,y> (14)

involving the auxiliary fitting functions and the G-spinor
charge overlap, Qﬁ. The fitted total Coulomb energy may be
expressed simply as

=1d'Ad, (15)

while a fitted element of the Coulomb interaction matrix in
the Dirac-Hartree-Fock or Dirac-Kohn-Sham equations be-
comes

aux

L =(0le,) = 2 I, (16)

The fitting problem is, except for the explicit reference to the
large and the small components, identical to that of the non-
relativistic case.>*® The formal problem of computing the
four-center two-electron repulsion integrals required for the
evaluation of the Coulomb matrix is reduced to the calcula-
tion of the two-center and three-center two-electron repul-
sion integrals defining the matrices A and I’7, respectively.
This reduces the formal scaling from O(N*) to O(N?) in the
evaluation of the Coulomb contribution. The actual effective-
ness of this approach depends, of course, on the implemen-
tation and on the number of auxiliary basis functions re-
quired to achieve an accurate fit. The matrix A may be
computed once at the beginning of the self-consistent-field
(SCF) procedure, as it does not change during the SCF
cycles. Technical problems may arise because of an ill-
conditioned A matrix. These can be circumvented by resort-
ing to the singular value decomposition of A, as described in
Ref. 37.

The main computational burden in the fitting procedure
presented above is the calculations of the vector v and of the
fitted matrix elements J” Z Both these steps require the com-
putation of the three-index matrices I'", with T=L,S, i.e., of
three center two-electron integrals. These integrals may be
computed efficiently, and without explicit references to the
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large or small component, by adopting some of the compu-
tational approaches we have described in the summary of the
J-matrix algorithm. The vector v is computed efficiently us-
ing the Hermite Gaussian density matrix, rather than by ap-
plying Eq. (13) directly where the density matrix D7 is ex-
plicitly involved. This leads to

=, > Hola,B:i,j. kIS,

a.Bi,jk

i,j.k). (17)

This approach avoids any explicit reference to the large or
small components and exploits all the advantages of using
the Hermite density matrix that we have seen in the J-matrix
algorithm. Analogously, using Eq. (3) in Eq. (16), we find
that the fitted Coulomb matrix elements may be expressed as

EIUX

2 EgT[MaV l] k]z Ut

ij.k

(18)

in which the large- and small-component integrals involving
fixed primary spinor basis function indices {u, v} may be
evaluated simultaneously. The spinor structure is explicitly
considered only in the definition of the coefficients EgT, but
not in the generation of the integrals, which involve only
overlap charge densities. Using the definition of Ej" and of
the Hermite density, both the computation of the vector v and

of the fitted Coulomb matrix J77 have been explicitly re-
duced to the calculation of the two-electron integrals
(f,lla,B;i,j, k) between the auxiliary function f; and the
HGTFs H[a,B;i,j,k;r]. Thus, the efficiency of the density
fitting approach depends on the efficiency of computation of
these basic integrals. Since the simplest two-electron repul-
sion integral we may compute is that between two HGTFs, in
the current implementation we choose to use directly primi-
tive HGTFs as auxiliary basis functions. This permits the
direct evaluation of two-electron integrals in Egs. (17) and
(18) between HGTFs without any further computationally
expensive transformation. In nonrelativistic quantum chem-
istry the basis functions of choice are usually Cartesian
Gaussian type functions (CGTF), since most modern quan-
tum chemistry codes now use efficient CGTF integral gen-
eration schemes derived from the Obara-Saika algorithm.38
From a formal point of view, however, the CGTF and HGTF
bases are trivially related and span the same linear space. A
further simplification arises using primitive HGTFs that are
grouped together in sets sharing the same exponents. The
sets are formed so that to a given auxiliary function are as-
sociated all the functions of smaller angular momentum. For
instance, a d auxiliary function set contains ten primitive
Hermite Gaussians, one s, three p, and six d functions all
with the same exponent. This scheme allows the efficient use
of the recurrence relations** of Hermite polynomials in the
computation of two-electron integrals. Analogous schemes
have been adopted in the nonrelativistic DFT code DEMON.”’

IV. RESULTS AND DISCUSSION
A. Auxiliary basis set optimization

To test our new implementation of relativistic density
fitting, it is necessary to optimize the auxiliary fitting func-
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TABLE I. Recurrence parameters for the generation of density fitting func-
tion exponents for Au [Eq. (19)] and absolute deviation of the fit from the
exact (GRASP) Coulomb energy of 7417.786 76 hartree (AE; in millihar-
tree).

Nexp a B Y AEJ
5 0.8939 8.6875 2.8398 1153.97
10 0.9045 2.8961 0.4352 422.25
12 0.5159 1.9998 1.9694 74.81
14 0.3131 2.3782 0.5988 5.16
16 0.1668 2.2727 0.7227 0.87
18 0.1132 2.4902 —-0.0479 0.35
20 0.1148 2.4823 —-0.0281 0.30

tions. In these preliminary calculations we have considered
systems containing gold nuclei and have optimized the aux-
iliary basis functions for this heavy atom. The criteria we
have used has been the same proposed by Eichkorn et al’
and Manby et al..”* who required that the total Coulomb
energy is reproduced to within 0.1-0.2 mhartree/atom. De-
viations of this order of magnitude should usually be of little
importance for chemical applications. In order to determine
auxiliary basis sets which can represent relativistic electronic
charge densities within such accuracy, we followed a very
simple two-step optimization procedure: (i) Optimize a basis
of standard s-type Hermite Gaussian functions for the iso-
lated atom. (ii) Add functions of higher angular momentum
to bring the error in the molecular Coulomb energy below
the required threshold.

As shown by Quiney et al.,”” an accurate representation
of the atomic Coulomb energy in atoms of high atomic num-
ber may be obtained using an expansion of the electronic
density in a modest number of scalar s-type spherical
Gaussian-type functions. The Gaussian exponents \; may be
generated using a modification of the even-tempered pre-
scription which uses three parameters, «, 3, and vy, according
to the recurrence relation

—l >2>)\ =23 N, (19)
i-1> 1L 55 eees s
Nexp 1 i-1 exp

\i= ﬂ(l + ’)’(
where N, is the desired number of exponents and the re-
currence is started with the seed value \|=a. The parameters
a, B, and y may be determined by a variational procedure,
approximating the atomic Coulomb energy of configuration-
averaged atomic Dirac-Hartree-Fock wave functions using
the program GRASP.***! The results of such atomic optimi-
zation for various choices of N, are reported in Table I. The
table indicates very clearly that remarkable accuracy in the
atomic Coulomb energy, by the criteria mentioned above,
may already be achieved with a small number of s-type func-
tions. For N, > 20, we found that the recursive procedure of
Eq. (19) is affected by linear dependence in the generated set
of basis functions. Quiney et al.” indicated that in heavy-
element systems requiring an accurate representation of the
Coulomb energy, a conventional two-parameter even-
tempered scheme is to be preferred to produce spherical ex-
pansion sets for N>20. This was not pursued here, because
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in practice, for molecular calculations, we also include func-
tions of higher angular momentum (which we shall refer to
as polarized), which permit the reproduction of the local an-
isotropy of the charge density in molecular environments.

Optimizing large basis sets with high angular momenta
to fit the density over the Coulomb energy is of course a
complicated task and in this first work, we have not devised
schemes to carry this out. Rather we wanted to begin explor-
ing plausible solutions in order to acquire familiarity with the
problem and get useful insights into the behavior of different
basis sets with regard to the relations between their size,
angular momentum, exponent values, and fitting quality. To
begin this investigation, we took the gold dimer as our test
system and adopted a crude but quite simple approach: start-
ing from the s-function set optimized for the atom as de-
scribed above, we initially increased the angular momentum
of all functions, without changing their exponents, until ill
conditioning of the A matrix was detected. In our procedure,
an “increase” in the angular momentum of a function implies
the addition of functions of sequentially higher angular mo-
mentum with an identical exponent. Subsequently, we gradu-
ally decreased the highest angular momentum, starting from
the largest exponents, until the error in the Coulomb energy
of Au, exceeded the 0.1 mhartree/atom threshold. There are
of course many ways of doing this, and we examined several
solutions to find a good compromise between basis set size
and accuracy. To carry out this procedure, we selected just
two of the s-type basis sets previously optimized: the B16 set
which is the smallest set to reproduce the atomic Coulomb
energy to within 1 mhartree (see Table I), and so appears to
be an optimal starting point; and the B20 set which repre-
sents the most accurate fitting set we could handle. The B16
set was thus initially enlarged to include g-type functions,
reaching a dimension of 560 functions, and the final set we
have chosen for all subsequent calculations on the gold clus-
ters includes 14d and 2g function sets totaling 210 functions.
In the case of the B20 basis, the final set we have selected
comprises 2s, 13d, and 5g sets (307 functions in total) and,
as we shall see, delivers practically exact results in all mo-
lecular systems we have investigated. It is important to note
that high angular momentum is required for functions in-
volving large exponent values in order to achieve the target
accuracy in molecular environments. Although the reasons
for this requirement are yet to be investigated in detail, it
may be surmised that it is related to the high angular mo-
menta associated with the small component contributions to
the density, and to the fact that HGTF sets of high ¢ (from d
upwards) also bring with them spherically symmetrical com-
ponents.

B. Accuracy of the relativistic density fitting method

To investigate the accuracy of the relativistic density fit-
ting method we implemented, we calculated some spectro-
scopic properties of the gold dimer: equilibrium bond length
(R,), harmonic frequency (w,), and dissociation energy (D,),
employing the two different auxiliary basis set B16 and B20.
The large component of the G-spinor basis set that we used
is 23s518p14d8f on each gold atom.” The corresponding

Downloaded 11 Apr 2008 to 128.250.49.72. Redistribution subject to AIP license or copyright; see http://jcp.aip.org/jcp/copyright.jsp



124104-6 Belpassi et al.

TABLE II. Spectroscopic constants of the Au dimer calculated at the DKS/
BLYP level. The Coulomb energy has been computed exactly and with two
different density fitting basis sets. (B16 and B20). For the latter, the absolute
error in the computed Coulomb and total energies are also reported.

B16 B20 Exact Expt.!
R,(A) 2556 2556 2556 2472
w,(cm™) 172 175 177 191
D,(eV) 2.33 2.31 2.31 2.36
AE; (mhartree) 0.129 0.007 L
AE,, (mhartree) 0.103 0.005

“References 45 and 46.

small component basis was generated using the restricted
kinetic balance relation.”> The density functional used is the
Becke 1988 exchange functional®™ (B88) plus the Lee-Yang-
Parr (LYP) correlation functional** (BLYP). All calculations
were carried out with a total energy convergence threshold of
1077 hartree, and the equilibrium bond length was deter-
mined using iteratively a quadratic fit to the energy. The
covalent dissociation energy of Au, was determined by cal-
culating the atomic closed-shell monoions (cation and anion)
and employing the experimental values of the ionization po-
tential and electron affinity of gold.45’46 The same thermody-
namic cycle was also used in Ref. 47. The numerical cuba-
ture for the calculation of the exchange-correlation matrix
elements uses Becke’s atom-centered partitioning scheme. In
particular, we used atom-centered cells with a radial integra-
tion grid divided in three shells for a total of 25 336 grid
points per atom.

Table II shows the results of the density fitting calcula-
tions together with the results obtained using the conven-
tional exact DKS Coulomb matrix and the experimental ref-
erence values of the spectroscopic constants. For the
equilibrium bond length of Au,, the results in the table indi-
cate that the fitting method essentially coincides with the
exact result, independent of the auxiliary basis employed.
The agreement in the other parameters is excellent as well:
the error in the harmonic frequency is 5 cm™! with the B16
basis and only 2 cm™! with the B20 basis, while the disso-
ciation energy is essentially exact in the latter case. In the
Table II we have also reported the errors in the computed
Coulomb and total energies introduced by the fitting. We
note that, independent of the auxiliary basis used, the small
error in the Coulomb energy propagates to the total energy
without significant amplification.

J. Chem. Phys. 124, 124104 (2006)

C. Computational efficiency of the relativistic density
fitting

To assess the computational effectiveness of our density
fitting approach, its relative performance and scaling proper-
ties were evaluated by comparison with the exact J-matrix
approach. We performed restricted DKS calculations for gold
clusters of various sizes: Au,, Au}“, Auy, and Aug. To obtain
fully comparable results throughout, we used neither integral
screening techniques nor molecular symmetry in the calcula-
tions. All test calculations were carried out on one processor
of a Itanium-2 HP rx2600 node. The results of the timing for
the Coulomb matrix construction are presented in Table III,
together with the dimension of the DKS matrix and the rela-
tive error in the fitted Coulomb energy. The results demon-
strate that the fitting method scales better than the third
power of the number of atoms, independent of the size of the
auxiliary basis, while the cost of the conventional J-matrix
approach goes nearly as N*. In addition, the advantages of
the fitting in terms of the reduction of the prefactor and in
terms of absolute time savings are very substantial. Using the
B16 basis, which exhibits adequate behavior in terms of ac-
curacy in the energy, the calculation is more than 30 times
faster than the conventional scheme for the smaller Au, sys-
tem, and nearly two orders of magnitude faster for the penta-
atomic cluster. Even using the large B20 basis, which deliv-
ers practically exact results, the J-matrix computation time is
less than 1.5% of what is needed by the conventional algo-
rithm, reducing the time required for the calculation involv-
ing the Auj cluster from nearly 7.5 h to 6.5 min. It is re-
markable that such efficiency gains can be expected to be
larger than those achievable in the calculation of nonrelativ-
istic densities. This is due to the fact that the electron density
of systems containing heavy atoms is relatively more local-
ized than that of light molecules, and also to the fact that
large- and small-component basis sets are required in relativ-
istic calculations instead of the usual one-component nonrel-
ativistic bases. It is furthermore very satisfactory to note that
the accuracy of the density fit, as measured by the error in
the Coulomb energy per atom, is well preserved with in-
creasing size of the molecular system, even though the aux-
iliary basis sets have been optimized for the smallest system.
With the B16 basis, the error in the Coulomb energy remains
throughout well below the acceptable threshold,’ barely ex-
ceeding 0.1 mhartree/atom for Au, and Aus. As we said
above, the limiting B20 basis delivers results essentially in-
distinguishable from the exact calculation.

TABLE III. Matrix size, CPU times (s), speed ratio, and accuracy (mhartree/atom) in the construction of the

Coulomb matrix for various gold clusters.

B16 B20
Cluster Size Exact time Time Speed up AE, Time Speed up AE,
Au, 1624 722 21 34 0.065 28 26 0.003
Auj 2436 3567 66 54 0.095 89 40 0.003
Auy 3248 10973 149 74 0.110 204 54 0.004
Auz 4060 26571 284 94 0.126 390 68 0.007
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V. CONCLUSIONS AND OUTLOOK

In this work we have presented an implementation of the
density fitting approach to the solution of the Coulomb prob-
lem within the relativistic four-component Dirac-Kohn-Sham
method employing G-spinor basis expansion. Our implemen-
tation differs only in minor details from those in common use
in the nonrelativistic quantum chemistry. In particular, we
have shown that there is no need to introduce distinct auxil-
iary basis sets in which to expand separately the large- and
small-component densities. A very accurate representation of
the Coulomb matrix may be obtained using a relatively mod-
est number of scalar auxiliary basis functions with a simple
choice of their exponents. We use atom-centered HGTF as
auxiliary functions because this simplifies the calculation of
the integrals and we can make efficient use of the algorithms
already developed for the relativistic generalization of the
J-matrix method. The density fitting approach we have
implemented has no adverse impact on the efficiency of the
parallel algorithm already adopted in BERTHA for the con-
struction of the Coulomb matrix.

The method has been validated with a study of various
gold clusters. For Au,, this shows that the relativistic density
fitting approach for the Coulomb energy preserves very high
accuracy in the reproduction of the spectroscopic constants,
with errors similar to the nonrelativistic case. The perfor-
mance and scaling properties of the method have been stud-
ied by calculation of the ground state of larger clusters. The
scaling of the Coulomb matrix construction is reduced, as
formally expected, from O(N*) to O(N?) with respect to the
number of particles. The reduction in computation time com-
pared to the conventional four-index J-matrix approach is
dramatic. The CPU time is reduced to a few percent in the
case of Au, and up to about 1% for AuZ. The implementation
of the Coulomb density fitting in the DKS formalism truly
opens new perspectives of applicability of the four-
component relativistic approach.

Starting from the present implementation of the Cou-
lomb fitting method further developments can readily be en-
visaged, and are currently being explored by us. In our
present implementation, we do not exploit the relation be-
tween the potential and the electron density defined by the
Poisson equation. As recently proposed by Manby et al.>3°
making use of this relation would simplify greatly the Cou-
lomb fitting procedure, reducing the computation to mainly
three-center overlap integrals instead of three-center two-
electron repulsion integrals. This approach may straightfor-
wardly be adopted within the density fitting scheme pre-
sented here.

Using the Coulomb fitting approach for the J-matrix
construction, the bottleneck of the DKS calculations has
moved entirely to the evaluation of the exchange-correlation
contribution. But the computation of the exchange-
correlation matrix may take advantage of the density fitting
procedure. This problem has not been explicitly addressed in
this study, but we emphasize that the relativistic Coulomb
fitting scheme we have presented here, adapts perfectly when
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extended to the exchange-correlation computation, as re-
cently proposed and applied with success by Koster et al’
in nonrelativistic density-functional theory. These extensions
will form the basis of our future investigations.

'W. Kohn and L. J. Sham, Phys. Rev. A140, 1133 (1965).

K. Eichkorn, O. Treutler, H. Ohm, M. Hiser, and R. Ahlrichs, Chem.
Phys. Lett. 240, 283 (1995).

*R. A. Friesner, J. Chem. Phys. 85, 1462 (1986).

4C. A. White and M. Head-Gordon, J. Chem. Phys. 101, 6593 (1994).

’C. Ochsenfeld, C. A. White, and M. Head-Gordon, J. Chem. Phys. 109,
1663 (1998).

5. C. Burant, G. E. Scuseria, and M. J. Frisch, J. Chem. Phys. 105, 8969
(1996).

" A. K. Rajagopal and J. Callaway, Phys. Rev. B 7, 1912 (1973).

¥M. P. Das, M. V. Ramana, and A. K. Rajagopal, Phys. Rev. A 22, 9
(1980).

°A. H. MacDonald and S. H. Vosko, J. Phys. C 12, 2977 (1979).

0E, Engel, in Theoretical Chemistry and Physics of Heavy and Superheavy
Elements, edited by U. Kaldor and S. Wilson (Kluwer, Dordrecht, 2003),
pp. 439-486.

T, Yanai, H. likura, T. Nakajima, Y. Ishikawa, and K. Hirao, J. Chem.
Phys. 115, 8267 (2001).

2T, Saue and T. Helgaker, J. Comput. Chem. 23, 814 (2002).

13Computer code ADF200401 (SCM, Theoretical Chemistry, Vrije Univer-
siteit, Amsterdam, The Netherlands, 2004).

H. M. Quiney and P. Belanzoni, J. Chem. Phys. 117, 5550 (2002).

ST, Saue, V. Bakken, T. Enevoldsen, T. Helgaker, H. J. Aa. Jensen, J. K.
Laerdahl, K. Ruud, J. Thyssen, and L. Visscher, computer code DIRAC: a
relativistic ab initio electronic structure program, Release 3.2 (University
of Denmark, Denmark, 2000).

oM. Abe, H. likura, M. Kamiya, T. Nakajima, S. Yanagisawa, and T.
Yanai, REL4D (University of Tokyo, Japan, 2001).

7T, Yanai, H. Nakano, T. Nakajima, T. Tsuneda, S. Hirata, Y. Kawashima,
Y. Nakao, M. Kamiya, K. Hirao, Computational Science—ICCS 2003,
Lecture Notes in Computer Science (Springer, New York, 2003), pp. 84—
95.

Sy, Liu, G. Hong, D. Dai, L. Li, and M. Dolg, Theor. Chem. Acc. 96, 75
(1997).

T, Nakajima and K. Hirao, J. Chem. Phys. 121, 3438 (2004).

207, Belpassi, L. Storchi, F. Tarantelli, A. Sgamellotti, and H. M. Quiney,
FGCS, Future Gener. Comput. Syst. 20, 739 (2004).

AL Belpassi, F. Tarantelli, A. Sgamellotti, and H. M. Quiney, J. Chem.
Phys. 122, 184109 (2005).

2M. Mayer, O. D. Héberlen, and N. Rosch, Phys. Rev. A 54, 4775
(1996).

3. Varga, E. Engel, W. D. Sepp, and B. Fricke, Phys. Rev. A 59, 4288
(1999).

V. R. Saunders, in Methods in Computational Molecular Physics, edited
by G. H. E. Diercksen and S. Wilson (Reidel, Dordrecht, 1983).

1. P. Grant and H. M. Quiney, Phys. Rev. A 62, 022508 (2000).

% A. D. Becke, J. Chem. Phys. 88, 2547 (1988).

3. Almlof, J. Chem. Phys. 104, 4685 (1996).

#G. R. Ahmadi and J. Almlsf, Chem. Phys. Lett. 246, 364 (1996).

¥H. M. Quiney, P. Belanzoni, and A. Sgamellotti, Theor. Chem. Acc. 118,
113 (2002).

1. E. McMurchie and E. R. Davidson, J. Comput. Phys. 26, 218
(1978).

3'H. M. Quiney, H. Skaane, and 1. P. Grant, J. Phys. B 30, L829 (1997).

2H M. Quiney, H. Skaane, and 1. P. Grant, Adv. Quantum Chem. 32, 1
(1999).

3F. R. Manby, P. J. Knowles, and A. W. Lloyd, J. Chem. Phys. 115, 9144
(2001).

P M. W. Gill, A. T. B. Gilbert, S. W. Taylor, G. Friesecke, and M.
Head-Gordon, J. Chem. Phys. 123, 061101 (2005).

B. 1. Dunlap, Phys. Chem. Chem. Phys. 2, 2113 (2000).

BF R. Manby and P. J. Knowles, Phys. Rev. Lett. 87, 163001 (2001).

3T A. Koster, J. U. Reveles, and J. M. del Campo, J. Chem. Phys. 121, 3417
(2004).

38S. Obara and A. Saika, J. Chem. Phys. 84, 3963 (1985).

PA. Koster, R. Flores-Moreno, G. Geudtner, A. Goursot, T. Heine, J. U.
Reveles, A. Vela, and D. R. Salahub, computer code deMon (NRC,

Downloaded 11 Apr 2008 to 128.250.49.72. Redistribution subject to AIP license or copyright; see http://jcp.aip.org/jcp/copyright.jsp



124104-8 Belpassi et al.

Canada, 2003).

VK. G. Dyall, I. P. Grant, C. T. Johnson, F. A. Parpia, and E. P. Plummer,
Comput. Phys. Commun. 55, 425 (1989).

YR A Parpia, C. Froese Fischer, and I. P. Grant, Comput. Phys. Commun.
94, 249 (1996).

2T, Saue, K. Fegri, T. Helgaker, and O. Gropen, Mol. Phys. 91, 937
(1997).

J. Chem. Phys. 124, 124104 (2006)

A, D. Becke, Phys. Rev. A 38, 3098 (1988).

. Lee, W. Yang, and R. G. Parr, Phys. Rev. B 37, 785 (1988).

K. P. Huber and G. Herzberg, Molecular Structure 1V, Constants of Di-
atomic Molecules (Van Nostrand, New York, 1979).

“°B. Simard and P. A. Hackett, J. Mol. Spectrosc. 412, 310 (1990).

Y70. Fossgaard, O. Gropen, E. Eliav, and T. Saue, J. Chem. Phys. 119,
9355 (2003).

Downloaded 11 Apr 2008 to 128.250.49.72. Redistribution subject to AIP license or copyright; see http://jcp.aip.org/jcp/copyright.jsp



